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Topological Fluid Dynamics: Theory and Applications
Stirring vortices with vorticity holes
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Abstract
A vorticity hole is a region with, in absolute value, signiﬁcantly lower vorticity than its surroundings. Here we discuss the dynamics
of a Rankine vortex with two equal circular holes. Since a symmetric initial condition is assumed, the evolution depends on
three parameters only: the vorticity drop, the hole radius and the distance between the holes. We computed the evolution with a
contour-dynamics model and analysed the stirring of ﬂuid particles using the Lagrangian ﬂow geometry, i.e., the set of hyperbolic
trajectories and associated manifolds of the time-dependent velocity ﬁeld. The vorticity holes evolve similarly to a pair of vortices
in an otherwise quiescent ﬂuid; their interaction with the boundary of the Rankine vortex being relevant only when they are close
to it. We found that the strongest stirring occurs when the holes interact elastically and that it always takes place in the centre of
the Rankine vortex. This result contradicts the generally accepted notion that vortices are regions of null to weak stirring.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of K. Bajer, Y. Kimura, & H.K. Moffatt.
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1. Introduction
In a two-dimensional ﬂow a vorticity hole is deﬁned as a ﬁnite area where the vorticity perpendicular to the plane
of the ﬂow is, in absolute value, signiﬁcantly lower than that of its surroundings. Vorticity holes have been observed
under the most varied circumstances: they typically appear within a circular vortex as a round, concentric region of
null or weak vorticity. This is the case in vortices arising from the instability of a free boundary layer [1], frontal rings
in the oceans [2] and annular hurricanes in the atmosphere [3]. These annular vortices have been found to become
unstable if the hole radius is larger than half the vortex radius [1, 4].
More complicated conﬁgurations of vortices with vorticity holes and bumps have been observed in pure-electron
plasmas [5, 6]. The dynamics of these structures has been studied experimentally, numerically and analytically (e.g.
[6, 7]), but an aspect that has not received sufﬁcient attention is the capacity of the vorticity holes (and bumps) to
produce or enhance particle stirring inside the vortex.
Here we choose to investigate the dynamics of a Rankine vortex with two circular holes. We assume a symmetric
conﬁguration: the holes have equal size and the midpoint of the line joining their centres coincides with the centre of
the Rankine vortex. Thus the evolution depends on three parameters: the hole depth (Δ = (ω − ωh)/ω, where ω is
the vorticity of the Rankine vortex and ωh is the vorticity within the hole), the hole size (a/R, where a is the hole
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Fig. 1. Four types of behaviour displayed by a Rankine vortex with two vorticity holes. In all cases the hole size is a/R = 0.2 and the hole
depth is Δ = 1. (a) Hole merger (d/a = 2.5), (b) hole ﬁlamentation (d/a = 3.27), (c) elastic interaction (d/a = 3.5), (d) vortex ﬁlamentation
(d/a = 5). The time is given in units of the Rankine-vortex turnover time.
radius andR is the Rankine-vortex radius), and the hole interdistance (d/a, where d is the distance between the holes’
centres).
We performed a parametric study by numerically computing the evolution with a contour-dynamics model. The
ﬂow dynamics is analogous to that of the symmetric vortex pair (see, e.g., [8, 9]), but the evolution of the vorticity
holes is additionally affected by their interaction with the outer boundary of the Rankine vortex, particularly when the
holes are located close to the vortex boundary.
The stirring of ﬂuid particles both inside and outside the Rankine vortex is described and quantiﬁed by analysing
the Lagrangian ﬂow geometry, i.e., the set of hyperbolic trajectories and associated manifolds of the time evolving
velocity ﬁeld. It turns out that the strongest stirring always occurs within the vortex. This result contradicts the
generally accepted notion that vortices are “islands of regular Lagrangian dynamics in a chaotic background” [10].
2. Numerical method
We consider the two-dimensional, unforced ﬂow of an incompressible, inviscid ﬂuid. Such system is governed by
the Euler equation, which can be written in the following form:
∂ω
∂t
+ u · ∇ω = 0, (1)
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Fig. 2. Stability diagram for a Rankine vortex with two vorticity holes. The white area corresponds to unstable behaviour, the grey areas to
stable behaviour (progressively darker areas correspond to progressively deeper holes: Δ = 0.25, 0.5, 0.75, 1.0). The squares indicate the initial
conditions discussed in the section on particle motion.
where u = (u, v) is the velocity on the (x, y) plane and ω = ∂v/∂x− ∂u/∂y is the component of the vorticity in the
direction perpendicular to this plane.
In the problems we study here the vorticity has compact support with multiply-connected topology, therefore the
contour dynamics method is ideally suited to compute the ﬂow evolution. The equation of motion then becomes (see,
e.g., [11]):
dxk
dt
= − 1
2π
∑
j
Δωj
∮
log |xk − xj |∂xj
∂sj
dsj , (2)
where xj and xk are particle positions along the j-th and k-th contours, respectively; Δωj is the vorticity jump across
the j-th contour; and sj is a parameter indicating position along the j-th contour.
In order to evaluate the integral in equation (2), we represent the contours as polygons. Once the velocities of the
vertices are computed their new positions are obtained with a fourth-order Runge-Kutta scheme with ﬁxed time step.
We represented the initially circular contours with polygons of 100 − 120 sides, and used a time step dt = T/1000,
where T is the Rankine-vortex turnover time. Preliminary tests showed that these values resulted in an accurate
representation of the motion of a Kirchhoff elliptic vortex.
3. Flow evolution
The initial condition is as follows: a Rankine vortex of radius R and vorticity ω contains two circular holes of
radius a and vorticity ωh separated by an intercentroid distance d. The holes are located symmetrically so that the
midpoint of the line joining their centres coincides with the centre of the Rankine vortex (see the ﬁrst column of
ﬁgure 1).
First we determine the region of the parameter space where the system is stable; that is to say, where the vortex
and the holes are slightly to moderately deformed but none of them undergo ﬁlamentation or destruction. Therefore
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Fig. 3. The Eulerian ﬂow geometry in a system rotating with the vorticity holes for a/R = 0.16, d/a = 3.6 and Δ = 1. The dots indicate ﬁxed
points of elliptic type (centres), the squares indicate ﬁxed points of hyperbolic type (saddles), the arrows show the ﬂow direction on the separatrices
(streamlines that connect saddles).
we consider small holes (a/R < 0.25) located at intermediate distances (2.5 < d/a < 5). Moreover, we use four
different hole depths Δ = 1, 0.75, 0.5, 0.25 (i.e., the vorticity in the holes is, respectively, 0, ω/4, ω/2, and 3ω/4).
In this region of the parameter space four different types of behaviour are possible. These regimes, and their
boundaries, are described below for holes of size a/R = 0.2 and depth Δ = 1. Other sizes and depths lead to
different numerical values, but the qualitative description is the same.
Nearby holes (d/a < 3.3) merge rapidly: the ﬁnal result is a single hole of elongated shape surrounded by two
spiral arms of passive (non-vortical) ﬂuid that move towards the outer region of the Rankine vortex (ﬁgure 1a). Holes
located at slightly larger distances (3.25 < d/a < 3.5) approach each other, exchange some ﬂuid, and move apart
again; then they continue rotating around each other while connected by a thin ﬁlament of passive ﬂuid (ﬁgure 1b).
Holes located at larger distances (3.5−4.9) rotate around each other with varying intercentroid distance; they undergo
small deformations but no ﬁlamentation occurs (ﬁgure 1c). Finally, distant holes (d/a > 4.9) signiﬁcantly deform the
outer boundary of the Rankine vortex: these Kelvin waves grow until they break and a ﬁlament is ejected (ﬁgure 1d).
With the resolution used to explore the parameter space, the boundary between the hole-ﬁlamentation and the
elastic-interaction regimes is the same, d/a = 3.5, for all hole depths if the holes are small enough (a/R < 0.15).
The hole depth mainly affects the time needed for the onset of ﬁlamentation: this time is shorter for deeper holes and
longer for shallower holes. Note that this critical value (d/a = 3.5) is slightly larger than the corresponding one for
circular vortices (d/a = 3.4, see [9]). The dashed straight line in ﬁgure 2 shows the latter.
In contrast, the boundary between the elastic-interaction and the vortex-ﬁlamentation regimes varies with the depth
of the holes. Shallower vortices need to be slightly larger in order to produce ﬁlamentation of the Rankine vortex.
This boundary is reasonably well predicted by the analytic result of Jin and Dubin [7] for the critical distance at which
a point vortex within a Rankine vortex produces a breaking Kelvin wave. The continuous curve in ﬁgure 2 shows their
analytic result.
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4. Particle motion
Here we conﬁne ourselves to the study of particle motion in the elastic-interaction regime. In this regime the holes
rotate around each other with a nearly uniform angular speed, their intercentroid distance oscillates around a mean
value and their shape vary between egg-like and nearly-circular. Therefore, in a system that rotates with the mean
angular speed of the vorticity holes, the instantaneous velocity ﬁeld can be decomposed into a steady ﬂow plus a small
to moderate perturbation with aperiodic time dependence.
The steady ﬂow may be deﬁned as the average of the velocity ﬁeld over the period of interest. It is, however, more
convenient to equate it to the velocity ﬁeld at t = 0, for then the position and stability of the ﬁxed points can be
determined analytically. Figure 3 shows the result of such a calculation for a/R = 0.16, d/a = 3.6 and Δ = 1. The
separatrices (streamlines that connect saddle points) divide the plane into nine qualitatively-different regions. Note
that the set of three saddle points and six separatrices located in the interior of the Rankine vortex are identical to
those that would be produced by two vortices of the same size located at the same distance (see, e.g., [9]).
The relation between particle trajectories and the geometry of the steady, or even the instantaneous, velocity ﬁeld
is not straightforward. If, however, the velocity ﬁeld around saddles and centres changes slowly then this character
of the Eulerian ﬂow will manifest in the Lagrangian trajectories (see, e.g., [8] and references therein). In the elastic
interaction regime this condition is satisﬁed at all times for the saddles and centres located inside the Rankine vortex,
but not for those located outside. Furthermore, because of symmetry reasons, the saddle point in the centre of the
Rankine vortex is also a hyperbolic trajectory. Loosely speaking, a hyperbolic trajectory is the path of a material
particle that attracts one set of particles (the stable manifold) and repels another —generally different— set of parti-
cles (unstable manifold). In this time dependent ﬂow the stable and unstable manifolds belonging to the hyperbolic
trajectory intersect transversally an inﬁnite number of times, creating a chaotic tangle where particles are intensely
stirred.
The manifolds at any given time t can be computed as follows. The stable manifold is obtained by computing the
evolution, from time t + Δt to time t, of a short line that crosses the saddle point of the mean ﬂow in the squeezing
direction; and the unstable manifold is obtained computing the evolution, from time t −Δt to time t, of a short line
that crosses the saddle point of the mean ﬂow in the stretching direction.
Figure 4 shows the results of these calculations for holes of various sizes and interdistances. Note that although
the holes are represented by circles of equal size in all frames, those on frames (b) and (d) are actually 60% larger
than those on frames (a) and (c). Relatively distant vortices (d/a = 4.2, frames a and b) are closer to a steady state;
consequently, the perturbation component of the ﬂow is small, which manifests in the distance between the stable and
unstable manifolds being a small fraction of the hole radius. In contrast, relatively nearby vortices (d/a = 3.6, frames
c and d) are farther from a steady state; consequently, the perturbation is large and the distance between the manifolds
may exceed half the hole radius.
We may thus infer that, for any hole size, the chaotic region grows with decreasing intercentroid distance and it is
largest as this distance reaches the critical value that separates the elastic-interaction and ﬁlamentation regimes. As a
matter of fact, it changes not only in size but also in topology. If d/a is large there are two chaotic seas: one occupies
a triply connected area (ﬁg. 5c), another occupies a quadruply connected area (ﬁg. 5d). As d/a decreases, the two
seas grow until they merge into a single one that occupies a quintuply connected area (ﬁg. 5a,b).
5. Conclusions
We have studied the dynamics and stirring properties of a Rankine vortex with a pair of vorticity holes. We found
that the strongest stirring occurs when the holes interact elastically. In this case, the area of the chaotic region grows
with increasing hole size (a/R) and decreasing interdistance (d/a). Although the area of the chaotic region is largely
independent of the hole depth Δ = (ω − ωh)/ω, the intensity of the stirring increases with Δ.
We have discussed the evolution of vorticity holes but, obviously, our results apply to vorticity bumps too. We may
therefore conclude that the presence of vorticity defects within a vortex signiﬁcantly increases the stirring of particles
in its interior. These results contradict the widely held idea that vortices are regions of null to weak stirring.
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Fig. 4. Chaotic tangle corresponding to the hyperbolic trajectory at the centre of the Rankine vortex for various hole sizes and interdistances
(a/R,d/a): (a) (0.10,4.2), (b) (0.16,4.2), (c) (0.10,3.6), (d) (0.16,3.6). The grey area indicates vortical ﬂuid, the white circles indicate the vorticity
holes, the unstable manifold is represented by a thick line and the stable one by a thin line.
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Fig. 5. Particle stirring inside a Rankine vortex for holes of size a/R = 0.16, depth Δ = 1 and interdistances d/a = 3.6 (top row), and
d/a = 4.2 (bottom row). The particles were initially located within a rectangle adjacent to the holes (left column) or around the out-of-centre
saddle points (right column). The colour indicates the particle’s initial location (lighter: closer to the vorticity hole; darker: closer to the boundary
of the Rankine vortex). The black area represents the vortical ﬂuid, the white areas represent irrotational ﬂuid.
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